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Abstract: For certain tame abelian covers of arithmetic surfaces X/Y we 
en | obtain striking formulas, involving a quadratic form derived from intersec- 

tion numbers, for the equivariant Euler characteristics of both the canonical 
sheaf oox/y and also its square root w^L. These formulas allow us us to 
carry out explicit calculations; in particular, we are able to exhibit examples 
where these two Euler characteristics and that of the the structure sheaf of 
X are all different and non-trivial. Our results are obtained by using resol- 
; vent techniques together with the local Riemann-Roch approach developed 

in [CPT]. 

q{ '. Introduction 

o . 

Let N/ K be a finite Galois extension of number fields with Galois group 
G. A number of interesting arithmetic modules may be associated to such 
an extension: the ring of algebraic integers On of iV; the codifferent T> N i K 
of Nj K\ and, when the ramification subgroups of N/ K are of odd order, the 

^ ' —1/2 

square root of the codifferent T> N / K . Their structure as Galois modules has 
been studied extensively. When N/K is at most tamely ramified, they are 
all three locally free Z[G]-modules. It was proved in [Tl] and [T2] that, for 
any tame Galois extension N/K, the classes of On and T> N ^ K in C1(Z[G]), 
the locally free class group of Z[G]- modules, are equal; that is to say, On is 
a selfdual Z[G]-module. If in addition we suppose that G is of odd order, 

then in fact On, T^n/k anc ^ ^n/k are an three free over Z[G\. This result for 
the ring of integers is a consequence of the Frohlich conjecture, which was 
proved in [T3] . The result for the square root of the codifferent was obtained 
in [ET]. In such a situation where one of the modules On, T^n)k anc ^ ^~nIk 
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are Z[G]-free, we shall say that the module in question has a normal integral 
basis (abbreviated NIB). 

Over the past ten, or so, years a number of articles have been devoted 
to the study of the analogues of such Galois module problems in higher 
dimensions. The study of such questions for arithmetic surfaces is the central 
topic of this paper. 

Throughout this article G denotes a finite group of odd order . We con- 
sider a G-cover tt : X — > Y of schemes which are projective and flat over 
Spec(Z). For a G-equivariant locally free sheaf J 7 on X, the coherent co- 
homology groups H l (X, J 7 ) are finitely generated Z[G]-modules which are of 
considerable interest. Their study leads us to consider the hyperco homology 
complex RT(X, J 7 ) of Z[G] -modules. When the action of G is tame, i.e. 
when for any point x of X the order e x of the inertia group I x of x is coprime 
to the residue field characteristic of x, this complex is perfect; that is to say 
it is isomorphic, in the derived category of complexes of Z[G]-modules, to a 
bounded complex of projective Z[G]-modules. The fact that this complex is 
perfect, under such hypotheses, was first shown in [CE] (see also [CEPT3] 
and [P], Section 2). This then leads to the following definition: 

The sheaf J 7 is said to have a normal integral basis when the complex TLT(X, J- 7 ), 
in the derived category of complexes of Z[G]-modules, is isomorphic to a 
bounded complex of free Z[G]-modules . 

Following Chinburg in [CI], we can associate to J 7 an equivariant Euler char- 
acteristic x P {F) m C1(Z[G]), which measures the obstruction to the existence 
of a NIB for J 77 . More precisely, the sheaf J 7 has a NIB if and only if X P {^) 
is trivial. We observe that in the situation described above where we take 
X = Spec(0Ar), it follows from the above mentioned theorems that the co- 
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herent sheaves associated to On, T) n , k an< ^ ^n/k an nave a NIB, since their 
Euler characteristics are precisely the classes of these modules in C1(Z[G]). 

We now introduce the analogous sheaves of modules in the geometric 
setting. We start by recalling that the different divisor of X/Y is the divisor 
on X given by 

D x /y = J2( e * - l ) x 

X 

with x running over the set of codimension 1 points of X. We shall be 
particularly interested in the following G-equivariant sheaves: the structural 
sheaf Ox] the canonical sheaf ojx/y = Ox{Dx/y) of the cover X — > Y] and 
its square root cOxJ Y = ®x{\D x /y)- 
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The main object of our study is the existence, or otherwise, of a NIB for 
these sheaves by computing and comparing their equivariant Euler charac- 
teristics. In the case when G is abelian and X is a G-torsor over Y, the 

1 /2 

morphism ir : X — > Y is etale and hence the sheaves oox/y and 0Ox/y both 
coincide with the structural sheaf Ox, and furthermore they have a NIB 
by a theorem of Pappas in [P] . We shall see presently that when the cover 
7i : X — > Y is not etale then our sheaves do not necessarily have NIB. A 
new approach to such questions has been recently developed in [CPT]. Our 
results depend strongly on the use of this paper, and illustrate how their new 
techniques permit the efficient calculation of such Euler characteristics. 

We now describe the contents of the paper. In Section 1 we describe the 
situation that we wish to study; here we introduce our notation and we state 
our main results. In Section 2 we present some general results on equivariant 
duality; the content of this section derives from some working notes of T. 
Chinburg and G. Pappas, and we are most grateful for their permission to 
use their work here. In Section 3 we introduce the notions of a sheaf resolvent 
and a divisor resolvent; these two concepts play a central role throughout this 
paper. The main theorems are proved in Sections 4 and 5. We conclude with 
the detailed study of some examples in Section 6; we are extremely grateful 
to Arnaud Jehanne for his help with the computations in 6.c. 

1 Notation and main results 

Let G be a finite abelian group of odd order n, and let R denote either a 
Dedekind domain or a complete discrete valuation ring; in all cases we denote 
the field of fractions of R by K. In the case where R is a valuation ring, we 
shall assume that R contains the ra-th roots of unity and that its residue 
field k is perfect and of characteristic prime to n. We consider a regular flat 
projective scheme Y — > S = Spec(-R). The fibres are of constant dimension 
and we denote this fibral dimension by d. Let ix : X — > Y be a G-cover which 
is generically a G-torsor on Y with X is regular. Note that it follows from 
the assumptions that n : X — > Y is flat (see Remark 3.1. a in [CPT]). When 
R = Z we suppose that the ramification locus of this cover is supported on a 
finite set of rational primes £ which is disjoint with the set of prime divisors 
of the order of G. 

In order to state our results we now suppose that R = Z and d — 1. 
We consider a G-equivariant, coherent and invertible sheaf J 7 on X. For 
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any p G £ we denote by Z' p the subring of Q£ obtained by adjoining the 
n-th roots of unity to Z p . By forming the base changes of tt : X — > Y 
by Spec(Zp) — > Spec(Z) and by Spec(Z p ) — > Spec(Z), we obtain G-covers 
Tip : X p — > Y p and n p : X' p — > Y p \ We denote by T' v the X'- sheaf obtained 
from T by pullback. 

For an equivariant sheaf T' v as above, for any Qp-character ip of G and for 
a codimension one point y of K', in Section 2 we will define a rational number 
V y{-F pv ), which depends on the ramification of y in the cover X' p — > Y p . We 
shall then use these rational numbers to define the local resolvent divisor of 
T at p by setting 

rp(J, V ) = J2v y (^)y, (1.1) 

y 

where y runs over the set of codimension one points of Y' which are contained 
in the special fiber Y'^ of Y' — > Spec(Z p ). We may consider r p (J r , </?) as a 
vector with rational coordinates. Presently we will see that nv y (J-' Ptlf ) is an 
integer for any such y, so that n.r p (J r , </?) is a divisor of Y p . These resolvent 
divisors play a similar role to that of Lagrange resolvents in the algebraic 
number field setting. For codimension one points y and z of Y'^ s \ we denote 
their intersection number by y ■ z. Recall that this integer is the degree of 
the line bundle Oyi^y) restricted to z. Let wy^ be the canonical sheaf of 
— > Z' p and denote its first Chern class by . Then we define the 

integer ci(wyv) • y as the degree of the 0-cycle ci(wyv) n y of Y p ' (see Chapter 
2 in [Fu]). Finally we set: 

r p (T, <p) 2 = ]T v y [T' p ^)v z {T' p ^)y ■ z , (1.2) 

y,z 

ci(t^) • r p (T, <p) = J2 v y( jr p,^ c ^ UJ y^ ■ y> ( L3 ) 

y 

and 

T p (T, <p) = r p (F, v?) 2 + Ci^Or^J 7 , </?). (1.4) 

We observe that r p (J r , <^) 2 may be thought of as the quadratic form, de- 
fined by the intersection matrix, evaluated on a local resolvent divisor; while 
ci(wy p ') • r p {JF, <p) ma y be thought of as a linear form, evaluated on the same 
local resolvent divisor. 

Suppose now that there exists a locally free CV-sheaf ^yfs w ^ n the prop- 
erty that Uy J s ® Wy ^ = wy/s; we shall refer to w y ( 2 s as a square root of w y ( 2 g . 
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We then define a twist J 7 of J 7 by setting 

jr = .F<g)7r*(uv/ 2 s) ■ (1-5) 

~ 1/2 

It follows from the adjunction formula that &x/y nas ^ ne P ro P er ty that 

&x/y ® &xJy = °°x/s an d we therefore denote this sheaf by o^xjs- 

Once and for all we fix a sufficiently large finite Galois extension E of Q. 
We denote the group of finite ideles of E by Jj(E); we let R G denote the 
additive group of the virtual ^-characters of G and we let t denote the group 
homomorphism 

t : Hom GQ (i? G , J f (E)) -)• C\(Z[G}) (1.6) 

of Frohlich's so-called " Hom-description ", (see Chapter 2 in [Fl]). For 
each finite prime / of Z we fix an embedding jx '■ Q c — > Qf and we denote the 
closure of ji(E) in by E t . The group Ji(E) = (E®Qi) x may be identified 
with the Galois submodule of J /(E) consisting of the finite ideles of E which 
are equal to 1 outside /; we shall therefore view Homc q (-RG, Ji{E)) as a sub- 
group of Hom Gq (i? G , Jf(E)). We therefore obtain, via ji, a homomorphism 
ji : E <S> Qi — > Ei, we also obtain an isomorphism ip h-> ((/?)■" between the 
Q c -characters of G and the Q^-characters of G and therefore an isomorphism 
between R G and -Rg.z, the additive groups of their virtual characters. It is 
well known, (see for instance Lemma II. 2.1 of [Fl]), that the homomorphism 



jt : Hom Gq (i? G , J^E)) -+ Rom GQi (R Gtl , 

defined by (/)(v) = /(</^ i s an isomorphism. We shall often abbreviate 
the notation j*(f) to /*. Our main results are the following: 

Theorem 1.7 With the above notation and under the above assumptions on 
X, Y , G, and for both T = cox/y or oj][J y we have the following equality in 
the class group Cl(Z[G]): 

2 X P (Ox) - 2 X P (T) = II «9p) 

p es 

where g* is the element of Hom GQp (R G ^ p , E*) defined on irreducible Qp- 
characters (p of G by 

=p T p (.T,<p)-T p (O x ,<p) _ 
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Theorem 1.8 With the above notation and under the above assumptions on 
X, Y , G, suppose there is an Oy -sheaf tOy^s as a bove; then for both J 7 = cox/y 
or u]q Y we have the following equality in the class group Cl(Z[G]) 

2 X P (6 X ) - 2 X P (T) = II t(~g p ) 

p es 

where g* is the element of Hom GQp (R Gp , E*) defined on irreducible 
characters ip of G by 

Remarks. 

1. The factor 2 in our formulas derives from the need to consider the 
determinant of cohomology of bundles of even rank in [CPT]; note that this 
factor can be removed in certain situations. (See Section 3 in [CPT] for 
further details.) 

2. Since the sheaves J 7 , considered in the above theorems, are isomorphic 
to the structural sheaf Ox on the general fiber, it should be possible to 
apply the techniques developed in Section 8 of [CEPT1] to compute the 
difference between their Euler characteristics. This would lead, under certain 
assumptions, to a generalisation of our theorems to non-abelian G. The 
advantage of our method is that it yields an attractive formula, involving 
quadratic elements associated to resolvent divisors. One can hope that the 
two methods will provide quite different formulas, which it will be interesting 
to compare. This is something that we plan to do in the near future. 

We denote by Ai the maximal order of Q[G] and we let D(Z[G}) be the 
kernel of the group homomorphism C1(Z[G]) — > Cl(A^) induced by extension 
of scalars. Using the representative for the class 2x(Ox) — 2x(ux/y) in 
HomG- q (_R G , Jf(E)) given in Theorem 1.7 above, in Section 5 we will show: 

Theorem 1.9 Let G be a finite abelian l-group. 

i) The order of the class 2x P (Ox) — 2x p (^x/y) is a power of I. 

ii) If I is a regular prime number, then 2x P {Ox) — 2x P (^x/y) £ 
Hi) If G is of order I, then 2x P (Ox) = 2x P (ojx/y) ■ 

We observe that this theorem provides a generalisation for arithmetic surfaces 
(up to a factor of 2) of Theorem 3.1 of [T2]. 



6 



Remarks. 

1. It follows from Theorem 4.3.2 in [CPET1] that the results of this last 
theorem remain true if we replace x P {°°x/y) by x P (^x/z)- 

2. The class group C1(Z[G]) carries a natural duality involution x i— > x D (see 
Section 2). The anti-selfduality of X P ( w x/z) * n dimension 2 will be shown in 
Section 2 to follow from a general result proved for arbitrary dimension (see 
Corollary 2.6). 

Let p = 1 mod 24 be a prime number and let X\(p) be the model over 
Spec(Z) of the modular curve associated to the congruence subgroup Ti(p) as 
described in Section 4 in [CPT]. The group T = (Z/pZ)*/{±l} acts faithfully 
on Xiip). For a prime divisor I of p — 1, with / > 3, we let if be the 
subgroup of T of index / and G = T/H . We consider the projective schemes 
X = X^/H and Y = X^pj/T. Then tt : X ->• F is a G-cover to which 
we can apply our general results. Let P be the prime ideal of Q(Cz) defined 
by the chosen embedding j p : Q c — >■ and we let V denote its image under 
complex conjugation. For 1 < a < I we denote by a a the Q-automorphism 
of Q(0) induced by Q h- >■ Since G is of prime order, by a theorem of 
Rim, any non-trivial abelian character of G induces an isomorphism between 
C1(Z[G]) and Cl(Z[£i]). For % e {1, 2} we define the elements Sj in the group 
ring Z[G] by 

Si= a%a a X - 
l<a<l/2 

Theorem 1.10 For a suitable choice of non-trivial abelian character if of 
G, we have equalities in Cl(Z[Q]): 

i) V (2 X P (cotf Y ) - 2 X p (O x )) = [VV\^. 

ii) V 9(2/x P (wi / / V)) = [VV] 2 ^ 32 and V {2l X p {O x )) = [VV]^ S2 - ls ^ . 
Using this we immediately deduce: 

Corollary 1.11 Let hf be the class number of the maximal real subfield of 
Q(Cz) an d assume that = 1; then we have: 

2 X P (O x ) = 2 X P (uj^ Y ), 2l X P (O x ) = 2l X P {^ Y ) = . 

If in addition I is a regular prime number, then 

2 X (O x ) = 2 X (u x/Y ) = 2 X [oj%) = 0. 
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Remark. 1. The Lefschetz-Riemann-Roch theorems of [CEPT2] and the 
techniques developed in [P] provide efficient tools for determining the prime- 
to-/ part of the Euler characteristic of the sheaves that we have considered 
here. 

This corollary can be used to provide families of covers X — > Y for which 
our sheaves have Euler characteristic of order two . In Section 6 we will 
see that Theorem 1.10 can also be used to construct families of examples 
where such Euler characteristics have order greater than 2. For instance for 
p = 182857 and I — 401 the cover X — > Y provides us with a tame cover 
such that: x P (£ > x), X P ( uj x/y) and x P (^xJy) a ^ nave or der greater than 2; 
where 2 X p (O x ) = 2 X p (cox/y); but where X P (O x ) + X P ^%)- 

2 An equivariant Duality Theorem. 

In this section we do not impose any restriction of the dimension of Y and 
we no longer suppose G to be abelian. However, we note that if G is abelian, 
then there is a simpler proof of the results of this section by following [RD] 
and working over Spec(Z[G]) as the base. 

The action of complex conjugation on the characters of G induces an invo- 
lutary automorphism on C1(Z[G]). Thus if [M] is an element of C1(Z[G]) rep- 
resented by / G HomG Q (-RG, J {£))■> we define [M] as the element of C1(Z[G]) 
represented by / where for x £ Rg 

fix) = fix) 

and one checks that this automorphism maps ker(t) in 1.6 into itself. We 
denote by C1(Z[G]) + (resp. C1(Z[G])~) the subgroup of elements of x E 
C1(Z[G]) with the property that x = x (resp. x = —x). 

Clearly the group automorphism / h-> f^ 1 on Hohig q (Rg, J(E)) induces 
an involution on CI (Z [(?]). By composing these two involutions we obtain 
a further involution which we denote by [M\ i— > [M] D . In Proposition 3 
of Appendix A, IX in [Fl], Frohlich gives an interpretation of this latter 
involution by proving that for any locally free Z[G]-module M one has the 
equality: 

[M] D = [M D ] (2.1) 

where M D = Hom z (M, Z) is the Z-linear dual of M. Such involutions were 
used to provide some of the first restrictions on the Galois module struc- 
ture of algebraic rings of integers and their ideals. In the previous section 
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we associated to certain G-equivariant sheaves J 7 on X an equivariant Euler 
characteristic x P {F) in C1(Z[G]); it is then natural to consider the image of 
this class under the above involution. The initial aim of this section is to 
give an interpretation of the class X P (J~) D m terms of a duality functor for 
Y-sheaves, which extends Frohlich's above result. We provide just such a de- 
scription in Corollary 2.5, and we note that the relative dimension d of X over 
Spec(Z) appears explicitly in this result. The result that we give is derived 
from an equivariant generalization of the duality theorem for projective mor- 
phisms given in Theorem 11.1 in III of [RD]. This "equivariant" version was 
first given in some unpublished notes of Ted Chinburg and George Pappas. 

We start by introducing a small amount of further notation. Our main 
references are Section 2 of [C2] and Section 2 of [P]. As previously, G is a finite 
group and Y is a projective flat scheme over Z. Let K(Y, G) (resp. K(Z, G)) 
be the homotopy category of Oy [G]-modules (resp. Z[G]-modules) and let 
K + (Y, G) (resp. K + (Z, G) be the subcategory of complexes in K(Y, G) (resp. 
K(Z,G)) which are bounded below and which have coherent (resp. finitely 
generated) cohomology. We let D(Y,G), D+(Y,G), D(Z, G) and D+(Z,G) 
be their respective derived categories . We define K(Y), K + (Y), D{Y) and 
D+(Y) (resp. K(Z), K+(Z), D(Z) and D + (Z)) similarly by considering 
complexes of CV- modules (resp. Z-modules ). The global section functor T 
has a right derived functor 

RT + : D+(Y,G) -> D + (Z,G) 

(see Section 2 in II of [RD]). 

In Theorem 1.1 of [CI], Chinburg proved: 

Theorem 2.2 If F* is a bounded complex in K + {Y,G) with the property 
that each stalk of each term of F* is a cohomologically trivial G-module, then 
RT + (F') is isomorphic in D + {Z,G) to a finite complex of finitely generated 
projective Z[G]-modules. 

This fact led him to associate to any such complex an Euler characteristic 
X P (RT + (F 9 )) in the class group C\{Z[G]). When tt : X ->■ Y is a tame G- 
cover, then, under the hypotheses of Section 1, one can prove that if T 
is any G-equivariant coherent sheaf on X, then the complex of D + (Y,G), 
which is ^(J 7 ) in degree and elsewhere, satisfies the conditions required 
by Chinburg's theorem. In this case the class x P {F)-, referred to in the 
Introduction, coincides with the class x P (-Rr + ( 7r *(^ r ))) defined above. 
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For any F* in K(Y, G) and any T* in K(Y) we have the complex Hom^ (F*, T') 

in K(Y, G) (see Section 3 in II of[RD]). We thereby obtain a bifunctor: 

Hom^ y : K{Y, G)° x K(Y) ->• if (Y, G) 

and a derived bifunctor 

RHom* OY : L>(Y, G)° x D + (Y) ->■ L>+(Y, G) 

where, as usual, the superscript denotes the opposite category. The bi- 
functors Hom^ and .RHom^ are defined in the same way. For any F* in 
D(Y,G) and T* in D + (Y) we may then consider the Euler characteristic 
X P (RT + (RHom' OY )(F',T')) in C1(Z[G]). The following theorem is a spe- 
cial case of the above mentioned equivariant duality theorem: 

Theorem 2.3 ( Chinburg, Pappas.) Let F' be a bounded complex in K + {Y, G) 
as in Theorem 2.2. Let h : Y — >■ S = Spec(Z) be the structural morphism. 
Then one has the equality of Euler characteristics in GZ(Z[G]) 

X P (RT + (RUoui' OY (F',h\O s )))) = X P (RKom' z (RT + (F'),Z)) . 

Remark The construction of h l is given in III of [RD] . 

To give a very brief idea of the proof of the theorem we remark that the 
equality of these two Euler characteristics is a consequence of the existence 
of an isomorphism T($h) in D + (Z): 

F(0 h ) : RT + (RHom' OY (F',h\O s ))) -+ RHo m ' z (RT + (F') , Z) 

and this latter isomorphism is obtained by applying the global section functor 
to the duality isomorphism 9 h of Section 11 in III of [RD]. 

Corollary 2.4 Since Y is flat over S, the fibres all have constant dimension 
which we denote by d. We then have the equality: 

(-l) d X P (Rr + (RHom' OY (F;u Y/s ))) = X P (i?Hom^( J Rr + (F-), Z)) . 
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PROOF. It follows from [RD] that h\O s ) is the complex Uy/ S [d] whose only 
non-zero term is uy/s i n degree —d. Moreover we have the equality: 

X P (RT + (RUom' OY (F',co Y/s [d]))) = (-1) d X p (RT + (RHon^ Y (F\ u Y/s ))) . 

The corollary therefore follows immediately from the theorem. 

Corollary 2.5 With the hypotheses and notation of the previous corollary, 
we have the following equality in Cl(Z[G]): 

X ^(T) D = (-l) d x p (RT + (RUom' OY MJ),co Y/s ))) . 

PROOF. We consider the complex n^J 7 ) whose only non-zero term is n^J 7 ) 
in degree 0. Since the action (X, G) is tame we can apply Theorem 2.2 
to deduce that the complex RT + (ii^(J r )) is perfect. Let M* be a bounded 
complex of finitely generated projective Z[G]-modules which is isomorphic to 
J Rr+(7r,(J r )) in D+(Z, G). Then RUom' z (M 9 , Z) = Hom(M*, Z) is the class 
in D + (Z,G) of the complex whose {-j) th term is Hom z (M J ',Z) = (M j ) D . 
Therefore it follows from Frohlich's duality result that we have the equality 
in C1(Z[G]): 

X P (RHom- z (Rr+MF)), Z)) = x P (F) D ■ 
The result now follows from the previous corollary. 

We now wish use the above result to derive some properties for the Euler 
characteristics of the G-equivariant sheaves on X that we have considered. 

Corollary 2.6 Suppose that the hypotheses of the previous corollaries are 
satisfied. Then 

i) 

X P {O x ) D = (-l) d X p (u x/s ). 
ii) Moreover, if the ramification indices of X — » Y are odd and if there exists 

1/2 1/2 1/2 

an Oy-line bundle O0y/s> w ^h the P ro P er ty that C0y/ s <8> ojy/s = u y/s, then 

x p (^Js) D = (-i) W&) ■ 

In particular, when d = 1 the class x P (Ox) —X P ( UJ x/s) belongs to Cl(Z[G])~ 
and the class X P { UJ xJs) belongs to Cl(Z[G]) + . 
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Proof. From the duality formula of Corollary 2.5 we see that, in or- 
der to prove this corollary, we need to evaluate i^Hom^^Tr^J 7 ), ojy/s) f° r 
J 7 = Ox and J 7 = ooxjs- Since the action (X, G) is tame, in both cases 
^(J 7 ) is a locally free Oy[G] -module. Therefore RHom^ (^(J 7 ), ojy/s) = 
Homely (tt*( J 7 ), ouy/s), and so now we consider Hornby (7r* (J 7 ), ujy/ s ). First 
we observe that 

Hornet (71-* (J 7 ), wy/s) ~ Hom 0y (^(J 7 ), Cy) ®ev wy/s. 

From Propositions 4.25. and 4.32 in VI of [L] we deduce that when J 7 = O x 
we have 

B.omo Y (n^(Ox),Oy) ~ 7r*(u; x/ y) . 
Therefore we have isomorphisms of Oy [G]-modules 

Hom OY (n*(O x ),ujY/s) - ^*{^x/y) ®o y ^y/s - ^*{^x/s) 

with the latter isomorphism following from the adjunction and the projection 
formulas. This then shows i). 

Now let J 7 = Ww S . From the projection formula we deduce that t^*(oj][? s ) = 

n*(wxJ Y ) <S>o Y u y?s- Therefore 

Hom cly (7r > ,(a;]/ / 2 5 ,),C'y) ~ Hom^^^y-), Oy) ® Qy Hom Oy (u^ 2 s ,0y) . 
By use of the trace pairing we know that 7T^(uj][? y ) is a self-dual CV[(j]- 

1 /2 1/2 

module; also, since oOy/s * s invertible, we know that Homo y (u;yy S , Oy) = 
0J Y X /s ■ m conclusion we deduce from the above that 

Homc^TT^W^^Wy/s) ~ t*(wx/y) ®Oy ^y)s ®o Y ^y/s - T*( w i/s) • 
This then completes the proof of the corollary. 

3 Sheaf and divisor resolvents 

In this section we assume that G is a finite group of exponent n and that R is a 
complete discrete valuation ring whose residue class field k is of characteristic 
p, which is coprime to n, and that R contains the nth roots of unity. We 
assume that Y — >■ S — Spec(i?) is of absolute dimension d+1. We associate 
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to G the constant group scheme over S, which we again denote by G$', we 
let G$ = Spec(i?[G]) be the Cartier dual of G$, and Gy denotes the fiber 
product Gg x^y. For any scheme Z, we denote by JCz the sheaf of stalks 
of meromorphic functions on Z. This is the sheaf associated to the presheaf 
defined on affine open subschemes U of Z by Frac(Oz(U)), where we let 
Frac(A) denote the ring of fractions of the ring A. 

Let J 7 be a coherent invertible subsheaf of JCx whose support is contained 
in the branch locus of the cover ir : X — > Y . We assume that D = J2 X d x x is 
a divisor of X with gD = D for any g G G so that d x depends only on the 
G-orbit of x and furthermore d x — whenever the inertia subgroup I x of x 
is trivial. For future reference we note that by duality the canonical sheaf 
ojx/y has this property; moreover, if the ramification of X/Y is odd, then by 

? we know that lo'Jqy a ^ so ^ as this property. 

We consider the sheaf 7r*(J r ): this is a G-equivariant, locally free Oy- 
module which may be viewed as an invertible Gy-module (see for instance 
5.17 in II of [H]). Any character tp : G — > T(S, 0* s ) of G provides us with an 
S'-point of Gg and hence, by base change, with a F-point (p : Y — > Gy of 

Definition 3.1. We define the resolvent sheaf associated to T and (p to be 
the invertible F-sheaf: 

^ = p*((^)(T)) . 

is easily seen to be the subsheaf of 7T* (J 7 ) consisting of those local sections 
on which G acts by the character ip. 

n-fold multiplication induces a homomorphism of F-sheaves 

which, by restriction, identifies J 7 ^™ with an invertible subsheaf of /Cy that 
may be defined by a divisor. The principal aim of this section is to give an 
explicit expression for this divisor. 

Let x be a codimension one point of X, let I x be the inertia group of 
x and e x be the order of I x . The action of I x on the cotangent space at x 
defines a faithful character if) x with values in k*. Since n is coprime to the 
characteristic of k and since R is a complete discrete valuation ring, we may 
view ip x as taking values in R*. Hence for any character (p of G there exists 
a unique integer n(<p,x), < n(<p,x) < e x , such that the restriction to I x 
of (p is equal to ^j^'^. We set ir(x) = y. Since the points of x above y 
are all conjugate under the action of G, both the group I x and the integer 
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n(tp, x) depend only on y. Moreover, as noted previously, since the divisor 
D = Y] x d x x is G-invariant, the integer d x also depends only on y. We shall 
therefore denote these objects I y , n(ip, y) and d y . For any rational number a 
we denote its integral part by [a] and its fractional part by {a} = a — [a]. 
We set 

P P 

Proposition 3.2 For any abelian character if ofG the map u identifies J 7 ® 71 
with Oy{Fjt((p)) with 

y 

where y runs over the set of codimension one points ofY which are contained 
in the special fiber ofY — > S. 

Proof. We may assume, for the purposes of the proof, that the decompo- 
sition subgroup of x is equal to the inertia subgroup. We consider a codi- 
mension one point y on the special fiber of Y and we fix a point x on X such 
that n(x) = y. For the sake of simplicity we will write e for e y , d for d y , I 
for I y etc.. Since R is a complete discrete valuation ring with residue char- 
acteristic p coprime to n and which contains the nth roots of unity, we are 
in a tame Kummer situation and so we can choose a uniformising parameter 
oo x of Ox,x with the property that u y = u x is a uniformiser of Oy, y ■ From 
the very definition of T we know that T x = u~ d Ox,x- We define q and r by 
the equality —d = qe + r subject to the restriction that < r < e. Then 
u x d = oj^oj x . Again, since we are in a tame Kummer situation, we know that 
a = -(1 + oj x + ...ojI' 1 ) is a free basis of Ox,x as an 0y i2/ [7]-module. It then 
follows easily that u^u x a is a free basis of T x over 0y ;J/ [7]. This implies that 
the stalk of at y is given by: 

^■^Oy,, = J* ty = (uy x a | ^) n Oy, y 
where for a G T x and a character 6 of J, (a | 6) denotes the Lagrange resolvent 

(a\0) = 52a°0( S - 1 ). 

By the standard properties of Lagrange resolvents and the definition of the 
cotangent character ip x we have the following equalities: 
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By an easy computation we obtain that 

(a i r x [ip) - r ) = E « s "c ( ^ r G?) = 

gely 

;E E ^ k - r+n ^(g) = - p E ^ E ^ k ~ r+n{<p \g) ■ 

g^Iy 0<k<e e 0<k<e g£l y 

We conclude that (a | ipx^~ r ) = w™^~ r if r < n(ip) and e + n(ip) — r 
otherwise. Piecing this together we obtain that —n.fj^(ip) = -(n(ip) + eq) if 
r < n(ip) and ^(n(ip) + e(q + 1)) otherwise. The proposition now follows at 
once from this equality. 

As we have seen in the proof of the above proposition, the rational numbers 
fe((p, y) are defined by the equalities 

fA^y) = -\{^ y ) . (3.3) 

From now on we will denote this number by — v y {J-^). 
Definition 3.2. The resolvent divisor of J 7 at ip is defined to be 

r(F,<p) = Y. v v^y)v ( 3 - 4 ) 

y 

where y runs over the set of codimension one points of Y which are contained 
in the special fiber of Y — > S. 

We note that n.r{jF, ip) is a divisor on Y with the property that 

J* n = Oy(-n.r(F,<p)) . 

We will sometimes abuse notation and write = Oy{— r(J-, ip)). 

Examples. The following three examples are central to our study. 

1. If J 7 is the structural sheaf of X, then D = and from the above propo- 
sition it follows that 

Vy{Ox,v) = and r(O x ,p) = 2^ V- ( 3 - 5 ) 

e y y e y 

Note that this is Lemma 3.5 of [CPT]. 
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2. We let S(tp) denote the set of codimension one points y of Y contained in 
the special fiber of Y — > S, with the property that n((p, y) > 0. We set 

m= E y- (s-e) 

yeS(<p) 

If we take T = oj x /y, then d y — e y — 1 and we get 

r(u x /Y, <p) = r(O x , (p) - /(</?) 

by using Proposition 3.2 and the fact that 

r n{ip,y) + e y - 1 = e y - 1 + n{ip,y) _ ^ 
e y e y e y 

3. We let S'((p) denote the set of codimension one points y of Y contained 
in the special fiber of Y — > S, with the property that that n(ip,y) > e y /2. 
We set 

/'(*>) = E v- (3-7) 

1 /2 

If we take T = w^ y , then d y = (e y — l)/2 and we get 

K w x/y» V) = r(O x , <p) ~ f'((p) 
by using Proposition 3.2 and the fact that 

{ n( V ,y) + e { y-l)/2 } = e^ + n^ 1 y 1 . f n ^ y)<eJ ^ 

{ n(^y) + e ( y-l)/2 } ^^-l + n(^)_ i , f n(v , >y) > ^ 

From Proposition 3.2 it follows that 

r( u x/Yi V?) = r{G x , <p) - /'(</?)■ 

Corollary 3.8 Let ip be an abelian character of G and let <p be its complex 
conjugate. Then: 

i) 

r(Ox,(p)+r(O x ,?) = f(tp) 

ii) 

r ( u X/Y> V) + r ( U X/Y> $) = 

Hi) 

r ("x/Y> <P) = r(O x , y? 2 ) - r(O x , V?) • 
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PROOF. Part (i) follows from Example 1 above and part (ii) comes from 
Example 3. To prove part (Hi) we note that if n(tp, y) < e y /2 then n(tp2, y) = 
2n(ip,y) and if n(ip,y) > e y /2 then n(ip2,y) = 2n({p,y) — e y , and so 

r(O x , y, 2 ) - r(O x , <p) = - m 

y e v 

= 2r(O x , <p) - f'(<p) = r(O x , <p) + r(u]ff Y , <p). 

Remark. We denote the sheaf Oy{— f(<p)) by F((p). From the above corol- 
lary we deduce the following equalities of invertible Oy-sheaves: 

0% ® O x ^ = F(cp) n , (u^r ® {^/y^T = Oy 

and we observe that the first equality provides us with a geometric analogue 
of Theorem 18 in [F2]. 

4 Euler characteristics and representatives. 
4. a The Riemann-Roch Theorem 

Let R be a Dedekind domain. Henceforth we suppose that Y — >■ S — Spec(i?) 
is of absolute dimension 2 and we consider a G-cover of Y satisfying the 
assumptions of Section 1. 

To any locally free coherent G-sheaf J 7 on X we can associate the follow- 
ing two invariants: the first is the equivariant Euler characteristic x F {F) G 
C\(R[G]), which was introduced in Section 1 (see [CI] for further details). 
We now briefly recall the construction of the second invariant that we wish 
to study. Recall that the sheaf ^(J 7 ) may be viewed as a locally free co- 
herent Gy-sheaf. Let h : Gy — > Gg be the base change of h : Y — > S by 
Gg — > S. Then the total derived image Rh^^J-)) in the derived category 
of complexes of Gg -sheaves is represented by a perfect complex. Therefore, 
following Knudsen and Mumford, we can define the invertible _R[G]-module 
det(i?/i(7r*(J r )) and consider its class in Pic(G<?) = Pic(R[G]). Since G is 
abelian this latter group may be identified with the class group Cl(i?[G]) 
and we have the following equality in the class group C\(R[G]), (see ?2.c in 
[P] and also Section 3 of [CPT]): 

X P(T) = [det(RhMT))] . 
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In fact we shall be interested in twice this class and so, with the notation of 
[CPT], we set 

5{F) = det(R~h(7t*(F))® 2 . 

For i, 1 < % < 2, we let T{ denote a coherent, invertible, G-equivariant sheaf 
on X, defined by a divisor Di. We assume that D\ < D2 and that both these 
divisors are supported on the branch locus of n : X — > Y. Our aim is to 
describe ^(T^T-i) = 2(x P (J r 2 ) - X P (^i)) in C\(R[G\). It follows from the 
above that if)(J-i, T2) = 5(^2} <8> 5(J r i)~ 1 . Since D\ < D 2 we have a natural 
injection of sheaves / : n^Fi) — > ^(J^) and so we have the equality 

where tt^Fi) — > denotes the perfect complex of Gy-sheaves with 

terms in positions —1 and 0. We shall denote by 5(f) the locally free 
module defined by the "5-image" of this complex; that is to say, the deter- 
minant of the push down, via /, of this complex in C\(R[G}). With this 
notation, the previous equality may be re-written as 

^1,^2) = [*(/)] • 

Observe that 5(f) actually defines a submodule of K[G\. Since G is abelian, 
the determination of this module reduces to the computation of (p(5(f)) for 
each abelian character (p of G. By pullback, any such character induces a 
morphism of sheaf resolvents 

<P*(f) -Txv^Tiv 

and, by the functorial properties of the determinant of the cohomology, it 
follows that we have ip(5(f)) = 5(<p*(f)). 

The module 5(f) may of course be described by its local components, and so 
we now consider the local situation where R is a complete discrete valuation 
ring. We introduce a small amount of further notation. Let k denote the 
residue class field of R. For any scheme / : T — > Spec(A;) we let Go(T) denote 
the Grothendieck group of coherent sheaves on T. We identify G (Spec(k)) 
with Z. Assuming / to be proper, we define the Euler characteristic of a 
coherent sheaf J 7 on T by the equality: 

X(T,7) = f.([7]) 
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where [J 7 ] is the class of J 7 in Gq(T). 

We let h s : Y s — y Spec(/c) denote the special fiber of Y. The complex 

■ V T 

is then a complex of locally free CV-modules which is exact off Y s . Thus 
the cokernel of <£>*(/), which we denote by T v {T\,T-2), is a coherent sheaf 
of CV-modules which is supported on Y s . It therefore defines a class in the 
Grothendieck group Gq(Y s ) of coherent Y^-modules. Let A be a uniformizing 
parameter of R. Then it is easily shown that 

<p(6(f)) = RX-txVv&S*)) 

where we view the Euler characteristic XiJ~y{T\,T-ij) G Z as above. The 
remainder of this section will be devoted to the computation of the Euler 
characteristic X(l~ ip (J-'i, J-2)) for particular choices of T\ and J-" 2 . 

For any integer m > we let A m (T) denote the group of m-cycles on T 
modulo rational equivalence and we set 

A*(T) = ®o< m A m {T) . 

We write A ! „(T)q = A*(T) ® Q and, as usual, we identify A (Spec(k)) with 
Z. The general Riemann-Roch theorem provides us with homomorphisms 
tt : Gq(T) — y A*(T)q which are covariant for proper morphisms. For any 
coherent sheaf T on T, the Riemann-Roch theorem states that 

X{T^) = Ut t {\F})) . 

In this equality the right-hand side is the push forward of the zero component 
of ttHJ 7 ]) to A (Spec(k))Q identified with Q. 

For any invertible Cy[G]-sheaf J 7 and any abelian Q^-character (p of G, 
as previously, we consider the resolvent divisor r(J r , ip) = J2 y VyiF^y, (see 
Definition 3.2 in Section 3), and we define T(J r , p>) to be the integer 

T(F, ^ = r(T, V ) 2 + Cl {u Y/s ) ■ r(T, <p) . 

Recall that for two codimension one points y, z on the special fiber Y s of Y, 
we denote their intersection number by y ■ z and C\ (uty/s) ' V is t ne degree of 

the 0-cycle c\{uy/s) H y on Y (see Chapter 2 of[Fu] ). In the case where we 

1/2 ~ 
have a "square root" C0y/ s of uy/s, m 1-5 we have defined the twist J 7 of J 7 

by the rule 

T = J 7 (g) 7l*(Uy? s ). 



19 



Proposition 4.1 Let J 7 denote either cox/y or 'w~Jq Y - Then for any abelian 
Qp- character <p of G one has the following equalities: 

i) 

2 x (%(O x ,F)) = T(F,<p) -T(O x ,<p) . 
ii) If there exists a "square root" ofuiy/s, then 

2 x (%(O x , JF)) = r(F, V f - r(O x , V f . 

Proof. Since the proofs of these equalities are similar, we shall only give the 
proof of ii) when T = u x /y and will leave the proof of the remaining cases 
to the reader. Let <p be an abelian character of G and let be the complex 
of F-line bundles 



Ox, v <8>o Y u y% u x/y, v ®o y u yJ& 



Y/S 

at degrees —1 and 0. Since c v is exact outside Y s and provides a locally free 
resolution of T tp (O x ,u x / Y ), (henceforth abbreviated to 7^,), it follows from 
the Riemann-Roch Theorem (see Theorems 18.2 and 18.3 in [Fu]) that 

x(%) = (h 9 U(chZ a { Cip )nTd{h)) ) 

where (h s )* is the push forward A (Y s )q — > A (Spec(/c))Q = Q, chy s (c v ) is 
the localized Chern character which lives in the bivariant group A(Y S — >■ Y)q, 
and Td{h) is the Todd class of h, which is an element of A*(F)q that we will 
describe presently. We first observe that the complex c v may be written as 
^yJs ® where d v is the complex with terms in degrees —1 and 0. 



u X,tp ^X/Yw 



It therefore follows from Proposition 18.1 (c) in [Fu] that ch%r s (c 9 ) = ch(u Y 2 )n 
ch Ys (d v ). We now consider the complex d® n . For the sake of simplicity we 
set F(ip) = —n.r(O x , ip) and R((p) = n.f(ip). It follows from Proposition 3.2 
that d® n is the complex Oy(F{ip)) ->• Y (F(ip) + R((p)). We observe that 
once again d® n can be written as the tensor product Oy(F(ip)) ®b Lp where b v 
is the new complex O y — > Y (R(<p)). Since R(ip) is an effective divisor and 
since we assume that X and Y are relative curves, it follows from Propositi 
on 3.10 (b) and (e) in [CPT] that 

ch£M = [R(<p)]+Wg)L 
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and therefore 



Since for any integer g we know that c/iy^(d® n ) = n^c/iy^c^), it follows that 

[R(<p)] Cl (CV(F(y)) )n[iZ(y)] , 



c/i Ys = — + + ^ 2 



1/2 

Since = O0y/ S <8> e^, we finally obtain that 



ysV ^ n n n 2 2n 2 

From the very definition of Td(h) we deduce that 

(see (3.e) in [CPT]). Therefore, piecing the above together, we obtain that 

2 X(%) = 2« W n rd(A )) = 2 ^»M + ^ . 

Since we have the equalities 

M = /( „)> and ElgMfMMgM] = . 
rr rr 

it suffices to use the equalities of Example 2 in Section 3 in order to deduce 
the required formula from above . 

4.b Proof of Theorems 1.7 and 1.8 

Our hypotheses and our notations are those of Theorems 1.7 and 1.8. Since 
the proofs are similar we will give the proof of Theorem 1.7 and leave the 
proof of Theorem 1.8 to the reader. Our aim is to find a representative 
for the class 2(x P (J r ) — X P (@x))', that is to say an element g in the group 
Hom Gq (i? G , Jf(E)) with the property that 

2(x P (F)- X P (O x )) = t(g). 
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For any element p of £ we check that the map 

Up . y _> p T p(CM -T p (^) 

belongs to Hom Gqp (Rg, p , E*). Therefore we can define g p to be the unique 
element of Hom Gq (i? G , J P (E)) such that g* = u p . We set g = H P eT,9p- Our 
aim now is to show that g is a representative for our class. 
Since we have a group isomorphism 

Q p [G]*^Kom GQp (R G , p ,E;) 

given by a; h-> (</? h-> we ma Y define a p to be the unique element 

of Q P [G]* corresponding to u p under the above isomorphism. By taking 
a p — 1 for p $l S and a p as above for p e S, we obtain a finite idele (a p ) p 
of Q[G] and thus an element in Pic(Z[G]) by considering the class of the 
fractional ideal r\ p Z p [G]a p n Q[G]. This class corresponds to t(g) under the 
identification between C1(Z[G]) and Pic(Z[G]). Under this identification, as 
seen previously, 2(x P (J r ) — X P {Ox)) identifies with ^(Ox^J 7 )- Therefore, in 
order to prove the theorem, it suffices to prove that for each finite place p 
we have the equality ^{Ox,J~)Z p = Z p [G]a p . When p ^ X this follows from 
the definition of ^(Ox,^)- For p e S, since p is coprime to n, it suffices to 
show that, for any abelian Qp-character ip of G, we have (p(ip(Ox, J 7 )^) = 
ip(a p )Z' p , where, as previously, Z' p is obtained by adjoining the n-th roots 
of unity to Z p . Since the functor 5 commutes with base change, this last 
equality is equivalent to the equality: 

This now follows from Proposition 4.1. (i) because p is a uniformizing param- 
eter of Z p . 

5 The class x(Px) ~ x(^x/y) 

The aim of this section is to prove Theorem 1.9. We now assume that G is an 
abelian group of order l N where / is a prime number, I > 3 and I ^ E. For any 
pGEwe let Z' p be the discrete valuation ring obtained by adjoining to Z p a 
primitive l N -th root of unity and we let Q p (0 Ar ) denote its field of fractions. 
Let n p : X' p = X ® z Z' p — > Y p = Y ® z Z' p denote the G-cover obtained from 
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7r : X — > Y by base change. There is then an action of V p — Gal(K p / Q p ) on 
Zp, and hence on X' p and Y p , and therefore on the codimension one points 
of X' p and Y p . Since the actions of G and V p on X' p commute, it follows that 
for any uj G V p and any codimension one point x of X, one has I x u, = I x 
and ip x w = *0£ (recall that ip x is the character of I x defined by the action of 
I x on the cotangent space in x). This implies that for any abelian character 
ip : G — > Z p x , uj G V p we will have n(ip u ,x w ) = n(ip,x). As previously, when 
x i — y y we shall write I y and n(</?, y) for I x and n(</?, x). 

Let E be the number field obtained by adjoining to Q the l N -th. roots of 
unity. In Theorem 1.7 we proved that 

2(x(Ox) ~ X^x/y)) = II t(9 P ) 

pes 

where g p is the element of HomG q (-RG, Jp(E)) defined by 

<7*(<^) = p T p(ux/Y,v)-T p (O x ,v) _ 

Let p be an element of E and let S , (</?) denote the set of codimension one 
points y of Y p contained in the special fiber of Y p — > Spec(Z' p ) such that 
n{tp,y) > 0. We know from Example 2 of Section 3 that, for any abelian 
character (p of G 

rpiuJx/Y,^) =r p (O x ,v) - f(<f) ■ 
Moreover, in 3.e. of [CPT] we find that 

ciK) - y = -y 2 - 2x(y, O y ). 

Using 1.4 and Example 2 in Section3, we can use the above to deduce that 
Tp(u x/Y , V )-Tp(O x ,^ = f( V ) 2 + ]T (y 2 + 2 X (y,O y ))-2f( V )-r p (O x , V ) 

where, as before, y-z (resp. y 2 ) denotes the intersection (resp. self-intersection) 
number of y and z (resp. y). We set: 

a(<p) = f(<p) 2 + J2 (y 2 + 2 X (y,o y )). 

Since a((p) — 2f(tp)r(Ox, V 9 ) is an Euler characteristic, and since by definition 
a(ip) is an integer, it follows that 2f(ip) ■ r p (Ox,<p) must also be an integer. 
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We observe that for any element u> G Gal(Qp/Q p ) there exists r u , coprime 
to I, such that p u = p VuJ . We therefore deduce that S(ip) = S(p w ) and hence 
a(<p) = a(p UJ ). This implies that g p may be written in HomG Q (i?G, J P (E)) as 
a product u p h p where for any abelian character p we define u*(p) = p a ^ 
and h* p (p) = p- 2 HvM°x p ,v) . 

The theorem will be a consequence of the following two lemmas. 

Lemma 5.1 t(u p ) belongs to D(Z[G]). 

Proof. The key observation is that for any abelian character p of G and 
any uj G Gq from the above we know that 

a{<p p ) = a(((p u ) p ) . 

It therefore follows that the character map v p , whose value on an abelian 
character ip is given by v p (p) = p a (fp\ belongs to Hom Gq (i? G , Q x ). Let w p 
be the element of Hom Gq (i? G , J(E)) defined on abelian characters of G by 
the rule: 

1 if v divides p 
p-a(ift.) if v if not 



w p (p) v 



and so by definition w p G Homc Q (RG, U{E)). Since (v p w p )* = u* we deduce 
that v p w p = u p . Therefore 

t(u p ) = t(vp)t(w p ) = t(w p ) . 

Since t(w p ) G D(Z[G]) the lemma is proved. 

If F is a number field and x is a finite idele of F, then the content of x is a 
fractional ideal of F, which we denote by c(x). 

Lemma 5.2 i) There exists an integer m > such that l m t(h p ) belongs to 
D(Z[G}). 

ii) If G is of order I, then t(h p ) belongs to D(Z[G\). 

Proof. In order to prove i), it suffices to show that for any non-trivial 
abelian character <p of G there exists an integer s > such that l s c(h p (ip)) 
is a principal ideal. For such a character p, let F be the field Q(<p) and 
let V be the prime ideal of F defined by the restriction of j p to F. It 
follows from the definition that v-p(c(h p (p))) = —2f(p p )r p (Ox,p P )- The 
Galois group H p of the extension Q P (p P ) / Q p can be identified via j p with 
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the decomposition group of V . For any integer a, coprime to /, we denote by 
a a the automorphism of E defined by the property that on a primitive l N -t\i 
root of unity ( we have cr a (() = ( a . We then let {a iy 1 < i < q} be a set 
of integers such that the {& ai } are a set of representatives of Gal(F/Q)/if p . 
We have the equalities 

v p ^(c(hM)) = vAKh p ( V )r) = v v {c{h p {ip a )) = -2/(^) • r p (O x ,<$) . 

Since it is clear that f((f p ) = f(<p P ), we deduce from Example 1 in Section 3 
that 

f(<$)>r p (o x ,<$)= E (/(^)-v) 2 ^- 



Therefore we obtain 



c(VvO) = ^ M with «(*>) = -2 £ (/(¥>,)• V) E 

2/eS(v P ) i<i<g e ?/ 

The group = GciI(Q p (Qn) /Q p ) acts on S , ((^ p ). We let {yj, 1 < j < r} 
be a set of orbit representatives of S(ip p ) under the action of V p . For any 
j, 1 < j < r, let Ipj denote the isotropy group of the codimension one point 
Uj. Since V p j is a subgroup of Q P (& N ) /Qp(i>yj) , we n °te that it must be an 
/-group. For any u G V p and any y G S(ip p )), we have 

/K)-2/ M = E = E * u -V° = f(<Pp)-V 

zes(ipp) zes(ipp) 

because we know that z u -y u = z -y. Therefore we deduce that a(ip) may be 
written as: 

a((p) = -2 E (fM-yj) A jM 

l<j<r 

with 

Mfp)= E E — J ^~ (T a i ■ 

l<i<qu€V p /V pJ C Vj 

Let /™ J denote the order of V p j. Using the equality n((p£,yj) = n(ip a p lU 1 ,yj) 
and the fact that e y = e y u, from the above we obtain that 

i<i<quev p e Vj i<i<qvev p e w 
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and since for v G GclI(Q p (Qn) : Q p (ip p ))) we have n(ip v ) = n(ip) we get 

r>M<p p ) = [q p (( in ) : q p m\( J2 E n(v?r '^'W ■ 

l<i<qv€H p e Vj 

Since the integer [Q P (C; JV ) : Qp(^p)] is a power of I we deduce that for each 
j there exists rij G Z such that 

Let I s denote the order of (p. Since for any v G H p , we know that V av = V, 
we can deduce from the previous equality and the definition of a(ip) that 
there exists a positive integer m and for any j, 1 < j < q, an integer a-,- such 
that 

with 

PafoO = -2 E "AM ^d bj&) = E ^^a- 1 . 

l<j<r l<a</ s ,(a,0=l W 

We now wish to study the sums bj (</?). Let y be one of the {?/.,•} and let 

%) = E — f — a « • 

l<a<Z s ,(a,0=l y 

We write e y = l n , (p p \ I y = i/j^ 1 ™ with (u, I) = 1 and < w/ m < l n . It follows 
that the order of ip p \ I y is equal to / n_m ; if we put t — (n — m) and recall 
that we denote the order of ip p by Z s , then we have t < s. One checks easily 
that 

We have the equality of sets of integers: 

{c + kl\ 1 < c < l\ (c, I) = 1, < k < I s ' 1 } = {1 < a < I s , (a, I) = 1} . 
This implies that b(ip) may be rewritten: 

%)= E {fl E 

l<c<Z*,(c,0=l 0<fc<« s -' 
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If we let M y denote the field Q(0*)> then it follows that 

%) = aJ{M y )Tr Q{ip)/My (5.3) 

where 0(M y ) is the Stickelberger element of the field M y . We then deduce 
from Stickelberger's Theorem that for any j there exists an integer Nj such 
that l Nj bj((p) annihilates V and therefore that there exists a power of / which 
annihilates c(h p (ip)), as required for the first part of the lemma. 

In the special case where G has order I we note that in the above rrij = 
rij = for any j and that Q p (Ci N ) = Qp(v 9 p)- Therefore for any j there exists 
Tj such that Aj((pp) = a rj 9, where 9 is the Stickelberger element of Q(Cz)/Q- 
We therefore conclude that c(h p (<p)) is principal. The lemma is now proved. 

We now can complete the proof of Theorem 1.9. It follows from Lemmas 
5.1 and 5.2 that for any p G £ there exists an integer d such that t(g p ) 1 
belongs to D(Z[G]). Moreover one can choose d equal to when G is of 
order /. This proves Theorem 1.9. i) and in), since the group D{Z[G\) is 
itself an /-group which is trivial when G is of order I. Let M denote the 
unique maximal order of the group algebra Q[G]. When / is regular, the 
order of the class group Cl(Ai) is coprime with I. Therefore, in this case, 
for any p G E, the class t(g p ) is itself an element of D(Z[G]). This proves 
Theorem 1.9 (ii). 



6 Some non-trivial Euler characteristics 

This section contains the proof of Theorem 1.10. Our aim here is to use the 
theory of modular curves to provide some detailed examples of the above 
general results. 

6. a A modular example 

We let p be a prime number with p = 1 mod 24 and X\ = X\(p) be the model 
over Spec (Z) of the modular curve associated to the congruence subgroup 
Ti(p) as considered in Section 4 of [CPT]. The group T/{±1} acts faithfully 
on Xi. Let / be a prime divisor of (p — 1) with / > 3 and let H be the 
subgroup of T of index I. Since p = 1 mod 24 we know that 6 divides the 
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order of H . We consider the quotients Y = X 1 /T and X = Xi/H of X 1 . The 
scheme X is projective and flat over Spec (Z) and is acted on tamely by the 
cyclic group G = T/H of order /. The morphism it : X — > Y is a cover which 
fulfils all the hypotheses required in this paper (see Theorems 4.2 and 4.3 in 
[CPT]). It follows from the work of various authors that X[l/p] — > Y[l/p] 
is a G-torsor which implies that the set £ defined previously is reduced to 
{p}. Moreover the special fiber over p is reduced with normal crossings 
and has two irreducible components Dq and both isomorphic to P- p - 
If we let yo (resp. i/oq) be the generic point of D (resp. D^), then the 
intersection number yo-Uoo is equal to {p — 1)/12. Therefore we deduce that 
Vo = ulo = (1 ~~ (see for instance Proposition 1.21 in Chapter 9 of [L]). 

Finally, it follows once again from Theorem 4.3 in [CPT] that it is totally 
ramified over yo and non-ramified over y^. If xq denotes the codimension 
one point of X above y$, then we denote by ipo the character of G = I XQ 
defining the action of I Xo on the cotangent space at x . 

Before describing our result we need to introduce a small amount of further 
notation. We let V be the prime ideal of the cyclotomic field Q(Cz) defined 
by the chosen embedding j p : Q c — > Q^. For any abelian character 6 of G 
we denote by 8 P the Q^-character of G obtained by composing 6 with j p . We 
denote by the non-trivial character of G such that ip p — ipo- The character 
ip induces a group homomorphism A h- > y?(A) from the group of ideles of 
Q[G] to the group of ideles of Q(0)- We denote by c((f(\)) the content of 
this idele. For any number field L and any fractional ideal I of L we denote 
by [I] the class of I in the class group C\(Ol) of Ol- Let x G C1(Z[G]) have 
representative A in the group of ideles of Q[G]. Since G is a group of prime 
order /, the map x >->■ [c(</?(A))], induces a group isomorphism from C1(Z[G]) 
into Cl(Z[(z]) that we also denote by (p. 

1/2 

For T equal to either Ox or w^/y an< ^ f° r an y abelian character 6 of G we 
consider the rational number T^J 7 , 6): 

T p {T, 6) = r p {T, Of + Cl (uj Yp ) ■ r p (F, 9) . (6.1) 

We know that / divides yo-yoo', h follows from Proposition 4.1 that T p (O x , 9) — 
T p (u)q Y ,9) is an integer and from 3.13 in [CPT] we know that the same is 
true for lT p (Ox,9). Let us first consider the class 

V x/Y = 2 X P (co x / J Y ) - 2 X P (O x ) . 
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By Theorem 1.7 we conclude that 

(P(Vx/y) = [P]^^^^^^'^)-^^^))^ 1 

The description of (p(lx(Ox) follows from Theorem 3.13 in [CPT]. Since 
lT p (Ox, 9) is an integer, for any abelian character 9 we obtain that 

(p(2l X (O x )) = [p\- l T,i< a<l T*l°xW)^\ 
We deduce from the previous equalities that 

cp(2lx(cux/Y) 1/2 ) = [vr l ^<' Tp{ ^ r ° )a " . 
6.b Proof of Theorem 1.10 

From 3.5 we know that r p (Ox,i>o) = jVo- On the other hand from (3.15) in 
Section 3 in [CPT] we know that 

Cl (u Yp ) ■ y = -yl - 2 X (y , O yo ) = -y 2 - 2. (6.2) 

Piecing this together with 6.1 we see that we have shown that 

-lT p (O x | r ) = + (2 - P -^)a 

and so 

ip(2l X (O x )) = [V] E ^^<^ a2<T ^ H2 - E ^ )ie 

where 9 is the Stickelberger element of Q(C/)- Since we know from Stick- 
elberger's theorem that 19 annihilates the class group of Q(C/)> we deduce 
that 

v{2lx{Ox)) = [Vp^^<^ a2(T *\ 



We apply the results of Examples in Section 3 and consider separately the 
cases when a < 1/2 and when a > 1/2. 
If a < 1/2, then we obtain that 

r p (u% Y ,il%) = r p {OxM 

and so 

T p (O x ,ro)-T p (u^ Y ,r o ) = 0. 
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If now a > 1/2, then 

r p (uj 1 ^ Y ,r o )=r P (Ox,r o )-yo 

and so 

T p (O x ,r ) - T P { U ](J Y M = - y) " 2- 

Therefore we have proved that 

V{V X/Y ) = V P -^ Sl - 2so 
where for any integer % e {0,1,2} we have defined Sj in Z[G] by 

Si = ° V a 1 • 

l<a<«/2 

In order to conclude we need some elementary relationships in Z[G] that we 
prove in the next lemma. 

Lemma 6.3 One has the following equalities: 
l) S = (2(7_i - (T^i 1)/2 )0. 

a) (l - <7_i)si = (ff ( 7+ 1)/2 - i){w). 

Hi) £i<a<* a2(J a 1 = (1 + o~-i)s2 + l<J-i{lso - 2si). 

Proof. The proof of m) is immediate. We deduce m) from i) via the 
relationship: 

16 = (1 — cr_i)si + /o"_is • 
Therefore it suffices to prove i). We first observe that 

2a 2 \W) = £ (2a ( T 2a 1 ) 

i<a<; 

can be decomposed as the sum 

2a 2 -\W)= ]T 2a °2a+ E (^-l)a^_ l + l £ . 

l<a<l/2 l/2<a<l l/2<a<l 

We now observe that the sum of the first two terms is precisely 10. Moreover, 
using the equality cr^-i = a '- 1 G i-a- we express the last term of the sum as 
ci_±Sq. Therefore we have proved that 

2 

2a~ 1 6 = 6 + dwso 

2 
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and i) follows. 

From the lemma and Stickelberger's theorem we deduce that s Q annihi- 
lates the class group of Z[Q]. Therefore we obtain that 

<p(Vx/ Y ) = [P] P -^ S1 and <p(2l(x(O x ))) = \VV]^\V}-^ . 

It follows also from part (ii) of the lemma that [V] Sl = [V] Sl and thus that 
[p]2si _ [-ppjsi The f ormu l as G f Theorem 1.10 follow immediately. 

6.c Non existence of NIB 

We conclude this section by giving examples where our invariants are non- 
trivial. Our strategy is to evaluate the norm of these classes in the class 
group of the quadratic subfield k of Q(0)- We will denote the norm from 
Q(0) to k by N. Since Q(Q)/k contains no unramified subextension F/k 
with F 7^ k, N induces a surjective group homomorphism from C1(Z[£/]) onto 
Cl(Ofe) (see for instance Theorem 10.1 of [W]). When I = 3 mod 4 the field k 
is quadratic imaginary. It therefore follows from Theorem l.lO.i that all the 
classes belong to the kernel of N. This implies a certain restriction on their 
orders. 

We next consider the case where I = 1 mod 4, so that k = Q(V~l). The 
Galois group of Q(Cz) over k consists of the set {a a , 1 < a < 1} such that 
a is a square mod /. We let A (resp. B) denote the set of a, 1 < a < 1/2, 
such that a is (resp. is not ) a square mod I. Since —1 is a square, we see 
immediately that Card(A) = Card(B). For i e {1,2} we set 

By taking the norm of both sides of the equalities in Theorem 1.10, and 
writing f3 = N(V), we obtain that 

N(<p(V x/Y )) = \(5}^ , N^lxitutfy))) = [Z?]^ 

and 

N( v {2l x (O x ))) = \(5}^- 1 ^. 
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To conclude we consider the case / = 401. The class number of Q(y/l) is 
5. The integers t\ and t 2 are independent of p. By computation we obtain 
that ti = 4 mod 5, t 2 = 3 mod 5 and t 2 — lt\ = 4 mod 5. Therefore for any 
p = 1 mod 24/ with p ^ 1 mod 5 with the property that /3 is not principal 
in k, we obtain three non trivial classes. The smallest prime satisfying these 
properties is p = 182857. This example therefore provides us with a tame 
cover of surfaces ir : X — > Y where 2x(O x ), 2x(ux/y) and 2x{uj x J y ) are a ^ 
non trivial, where 2\{Ox) = 2x{ojx/y) but where 2x{Ox/y) ^ ^xi^xjy)- 
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